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The perturbed heat and wave equations [A.H. Bokhari, A.G. Johnpillai, F.M. Mahomed,
F.D. Zaman, Approximate conservation laws of nonlinear perturbed heat and wave
equations, Nonlinear Analysis. Real World Applications 13 (2012) 2823–2829] are studied,
which were considered to admit no standard Lagrangian. By the semi-inverse method,
however, an exact Lagrangian is obtained and its proof is given.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Recently Bokhari et al. studied the following equation [1]
aut − (k(u)ux)x + butt = 0. (1)
When a = 1 and b = ε, Eq. (1) becomes a hyperbolic heat model; when b = 1 and a = ε, it turns out to be a damped
wave model.
It was considered that Eq. (1) admits no standard Lagrangian [1]. This paper however, obtains an exact Lagrangian for
Eq. (1) by the semi-inverse method [2].
2. Lagrangian
In order to obtain a variational formulation or a Lagrangian for Eq. (1), we re-write Eq. (1) in a conservation form:
(au+ but)t − (k(u)ux)x = 0. (2)
According to Eq. (2), we introduce a special function,Φ , defined as
Φx = au+ but (3)
Φt = k(u)ux (4)
so that Eq. (2) is automatically satisfied.
By the semi-inverse method [2], we obtain the following Lagrangian
L = (au+ but)Φt + k(u)uxΦx − ΦxΦt − bk(u)utux (5)
which is subject to Eq. (4) and the following auxiliary condition
Φx(0) = au(0)+ but(0). (6)
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Proof. The Euler–Lagrange equations are
−(au+ but)t − (k(u)ux)x + 2Φxt = 0 (7)
aΦt − bΦtt + k′(u)uxΦx − (k(u)Φx)x − bk′(u)utux + b(k(u)ut)x + b(k(u)ux)t = 0. (8)
Eq. (8) can be written in the following concise form
aΦt − bΦtt − k(u)Φxx + bk′(u)utux + 2bk(u)uxt = 0. (9)
Using the constraint,Φt = k(u)ux, Eq. (7) becomes
− (au+ but)t − (k(u)ux)x + 2(k(u)ux)x = 0. (10)
This is equivalent to Eq. (2).
Substituting the constraint, Eq. (4), into Eq. (10), we have
ak(u)ux − b(k(u)ux)t − k(u)Φxx + bk′(u)utux + 2bk(u)uxt = 0. (11)
By a simple calculation, Eq. (11) becomes
ak(u)ux − k(u)Φxx + bk(u)uxt = 0. (12)
We therefore, obtain
Φxx = aux + buxt . (13)
Integrating Eq. (13) with respect to x, and considering Eq. (6), we obtain Eq. (3). 
3. Conclusion
In this paper, we obtain an exact Lagrangian for Eq. (1) by the semi-inverse method [2]. This paper suggests that a
variational formulation or a Lagrangian can be easily obtained directly from governing equations without considering the
self-adjoint condition, which is necessary to derive a variational formulation using a classical approach. Furthermore, in our
study it is not necessary for the constant a or b in Eq. (1) to be small.
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